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NEW EXACT SOLUTIONS FOR SOME NONLINEAR PARTIAL 
DIFFERENTIAL EQUATIONS 


LUWAI WAZZAN AND M. S. AL-AMRY 


ABSTRACT. In this paper we propose a new form of Pade’-II equation, namely, a modified 
Pade’-II equation. As the mapping method is a promising method to solve nonlinear evolu- 
tion equations. We apply it, to solve the Pade’-II, modified Pade’-II equations and the (2+1) 
dimensional Konopelchenko-Dubrovsky (KD) equation. Exact travelling wave solutions are 
obtained and expressed in terms of hyperbolic functions, trigonometric functions, rational 


functions and elliptic functions. 


1. INTRODUCTION 


In recent years, directly searching for exact solutions of nonlinear partial differential e- 
quations (PDE’s) has become more and more attractive field in different branches of physics 
and applied mathematics. These equations appear in condensed matter, solid state physics, 
fluid mechanics, chemical kinetics, plasma physics, nonlinear optics, propagation of fluxions 
in Josephson junctions, theory of turbulence, ocean dynamics, biophysics and star formation 
and many others. In order to get exact solutions directly, many powerful methods have been 
introduced such as the (©)-expansion method [1], inverse scattering method [2,4], Hirota’s 
bilinear method [5,6], the tanh method [7,8], the sine-cosine method [9,10], Backlund trans- 
formation method [11,12], the homogeneous balance [13,14], Darboux transformation [15], 
the Jacobi elliptic function expansion method [16], A modified tanh-coth method [17,18]. 

Recently, Yan-Ze Peng [19] introduced a new approach, namely, the mapping method for 
a reliable treatment of the nonlinear wave equations. The useful mapping method is then 


widely used by many authors [20,21] and others. 


2. DESCRIPTION OF THE METHOD 
Consider the general nonlinear PDE’s, say, in two variables, 
(1) P(U, Ux, Ut, Ue Uzt ---) = 0. 


Let u(x,t) = u(&), where € = A (x — ct), then equation (1) reduces to a nonlinear ordinary 
differential equation (ODE) 


(2) Q(lu, u, u”, ...) = 0. 
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Assume the solution of equation (2) takes the form 
(3) u(x,t) = u() = ao + A a (FOY +8: (FO), 


where the coefficients ao, a;, bili = 0,1,2,...,m ),A,c are constants to be determined, and 
f = f(E) satisfies a nonlinear ODE 





(4) HO ang + har +r, 
where p,q,r € R. 

Substituting (3) into (2), using (4) repeatedly, the parameter m will be found by balancing 
the highest-order nonlinear term with the highest-order partial derivative term in the result- 
ing equation. Setting the coefficients of the each order of f*(€) and f*(€) e + sqf*(€) +r 


to zero, we obtain a set of nonlinear algebraic equations for ao, a;, bi? = 1,2, ...n ), A,c. With 





the aid of Maple, a symbolic computer program, we can solve the set of nonlinear algebraic 
equations and obtain all the constants ao, a;, bili = 1,2,...n ),r and c. 

The ODE (4) has the following solutions: 

when p = 1,g = —2,r = 0, then 








(5) f(§) = sech(é) 
when p = —2,q = 2,r = 1, then 

(6) f(€) = tanh(€) 
when p= 4,q= ir = Ł, then 

(7) f(E) = tan(€) + sec (£) 
when p = — (1 + k?) ,q = 2k?,r = 1, then 

(8) f(§) = sn(§) 
when p = 2k? —1,q = —2k?,r = 1 — k?, then 

(9) f(g) = cag) 
when p = 2 — k?,q = —2,r = — (1 — k?), then 

(10) f(§) = dn(é) 
when p = 2 — k?,q = 2,r = 1 — k?, then 

(11) f(g) = es(€) 


when p= — (1+ k*),q=2,r =k’, then 
(12) f(g) = delg) 
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when p = —1 + 2k?,q = 2,r = —k? (1 — k?), then 








(13) F(E) = ds(€) 
when p = 0,¢g = 2,r = 0 and c is an arbitrary constant, then 
c 








3. APPLICATIONS 


3.1. Pade’-II Equation. We consider the Pade’-II equation in the form 


(16) Ut + Ug + Hits + AUgre 4 burt = 0, 





where u = u (x,t), a,b are real numbers. 

Pade’-II equation is a nonlinear wave equation modeling unidirectional propagation of long 
wave in dispersive media. It is originally derived by using a Pade’ (2,2) approximation of 
the phase velocity that arises in linear wave theory [22]. 

We will apply the mapping method to solve the nonlinear general Pade’-II equation. Sub- 
stituting u(x,t) = u(&), where E = A (x — ct), into Eq. (16) and integrating once yields 


2 
(17) (1—c)ut+ > +X (a—be)u" =0. 


Balancing the order of the nonlinear term u? with the highest derivative u” gives 2m = m-+2 
that gives m = 2. Thus, the solution of Eq. (17) has the form 


(18) u (E) = ao + aif (E) + a2 (F (E)? + ba (F (© + b2 (F (E). 


Substituting (18) in (17) and using (4), collecting the coefficients of each power of f’,0 < 
i < 8, setting each coefficient to zero, and solving the resulting system, obtain three sets of 
solutions. 

(A) ao = —2 + 2c „a = a2 =0 ,A=A 

(B) ao = (1 — c) (4ap — 1), a, = 0 ,a2 = —6a (c — 1) q ,A=+,/—8 


a—be 


(C) ao = (c — 1) (4ap+1),a; = 0 ,a2 = 6a (c — 1) q ,A=+,/+28 


a—bc 


where o = , EE and D, EE Note that bı = bə = 0 for all sets of solutions. 


e Using (5), a solution of the ODE (4), and (A), (B) and (C), Eq. (18) gives 








ulz, t) = —2+ 2c (constant solution). 


LUWAI WAZZAN AND M. S. AL-AMRY 


fore 1 
1 /c-1 
t) = 3 (c — 1) sech? |= 
U2(2x, t) (c — 1) sec f SE 








1 
u3(x,t) = —2 + 2c + 3 (1 — c) sec? f A 


respectively, for c < 1 





ug(x,t) = 3 (c — 1) sec? f EES (x — J , 


us(z,t) = —2 + 2c + 3 (1 — c) sech? WS (x — a) ; 


Using (6) and (B) and (C), Eq. (18) gives uz and us for c > 1 and u4 and us for 
c < 1, respectively. 
Using (8) and (B) and (C), Eq. (18) gives 





ue,7 (2, t) = ao + agsn? (A£), 
respectively, where ao, a2 are defined in (B) and (C). 
When k — 0, ue: become ui, when k — 1, we obtain us and ug for c > 1 and u4 
and us for c < 1, respectively. 
Using (9) and (B) and (C), Eq. (18) gives 
ugo (x,t) = ao + az cn? (A£), 


respectively, where ao, az are defined in (B) and (C). As k + 0, ug become u; and 
as k — 1 we obtain us and ug. 
Using (10), and (B) and (C), Eq. (18) gives 


U10,11 (x, t) = ao + ag dn? (AE) 3 
respectively, where ag, az are defined in (B) and (C). As k —> 0, we obtain constant 


solution, as k > 1, we obtain u4. 
Using (11), and (B) and (C), Eq. (18) gives 


U12,13 (zx, t) = ao + ag cs? (AŻ) j 
respectively, where ao,az are defined in (B) and (C). As k > 0 and c > 1, u1213 
become 





1 
ura (x,t) =1—c+3(1 —c) cot? f a 


1 —1 
urs (x,t) = 3c — 3 — 3 (c — 1) coth? E —- e-e) . 
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and for c < 1, we obtain 


E Se E 
ue (x,t) = 1 —c—3(1 cleoth ; cane GE: 


1 E 
u17 (x, t) = 3c — 3 +3 (c — 1) cot? E Lie-a]. 





As k + 1, we obtain u44, ..., U17, for c > 0 and c < 0, respectively. 
e Using (12), and (B) and (C), Eq. (18) gives 


u18,19 (2, t) = ao + az ns? (XE), 
respectively, where ao, az are defined in (B) and (C). As k > us become mu 
and us and as k — 0, we obtain u14, -.., U17, for c > 0 and c < 0, respectively. 
e Using (7), and (B) and (C), respectively, Eq. (18) gives 
forc>1 














2 
-1 —1 
us (x,t) =3(c— 1) 1 (Haun : (x — ct) + sech S al 
a — be a 


forc <1 








2 
UE 1- 
elen = 104910 (stan ln — et) + sech al, 








2 
Lac De 
Ugg (x,t) =3(c—1)| 1+ (i lt E sec Lie-a) 


3.2. Modified Pade’-II Equation. In this section, we browse our proposed equation, 
namely, a modified Pade’-II equation as the form 





2 
(19) Ut + Ug FU Ug + AUgere t buszt = 0, 


where u = u (x,t), a,b are real numbers. 

Now, we apply the mapping method to solve our equation, as a consequence, we get the 
original solutions for our new equation, as the follows 

Substituting u(x,t) = ul) , € = à (x — ct), into Eq. (19) and integrating once yields 


3 
(20) D inn > +A (a— be) wu" = 0. 
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Balancing the order of the nonlinear term u’ with the highest derivative u” gives 3m = m-+2 
that gives m = 1. Thus, the solution of (20) has the form 


(21) u (£) = ao +a f (+h (F(E) 


Substituting (21) in (20) and using (4), collecting the coefficients of each power of ft, 0 < 
i < 6, setting each coefficient to zero, and solving the resulting system, obtain the following 
sets of solutions. 


1) ao = V—3 + 3c, a=b =0, A= 
2) ao =0,a, = 4/34 el ‚b =0 Är al ae 
go — 0, ay = Sie p 1(1-—c),b =0, à= ZA: SE 


) 
) 
4) ao =0,a, =0,b, = GE cl A bal sck 
) 
) 














(c— 1)[p (a— bc) (3 2qr— p)- j 




















6 ag = 0, ay = + 
(a—bc)(18qr—p?), /6r(c— HEH 
PE ` f18ar(c-1)(a-be) (p21) (p-3V 2G") 
1 = zët (e= 1) p? EE (a—be)(18qr—p?) 


(e- ue be)(3V2ar—p) —1] 


) 
(a—bc) (18gr—p?), /6r(c—1) aes 


3 (lar __ yf 18ar(e-1)(a—be) (p21) (p-3v 247) 
= + /6r ( (eo 1) p? SE (a—bc)(18qr— p?) 


Using (21), the solution of Eq. (4) when p = 1,q = —2,r = 0, and the sets of solutions 





(7) ao = 0, a = + 

















2-7, we get 
u (x,t) = 4/—3 + 3c. 
for c > 1 and a> be 
ug (x,t) = £V—6 + 6esech 
for c < 1 anda < be 
us (x, t) = +iy/6 — 6c sech 
for c < 1 and a > be 











E&E (x — ct). 





ua (x,t) = +7,/6 (1 — c) sec (x — ct) 
for c > 1 anda < be 
us (x,t) = +4/6 (c — 1) sec 4/ = (x — ct). 





Using Eq. (21), the solution of (4) when p = —2,q = 2,r = 1, and the sets of solutions 
2-7, we get for c < 1 and a < be 


ug (x, t) = +V3 — 3ctan E GE ct)) f 
7 (x,t) = +V/3 — 3c cot E GE ct)) ; 








Sl 
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for c > 1 and a > bc 


uio (x, t) = 4i/—3 + 3ctan E eL (z= ct)) ; 
( ) 








ui (x,t) = iy —3 + 3ccot 5\/ Ze 


uy (x,t) = i4/3 (c — 1) [tann 
uis (x,t) = +4iy/3 (c — 1) [tan 


for c > 1 anda < be 

u14 (x,t) = +/—3 + 3c tanh E = (z — ct)) g 

urs (x,t) = +/—3 + 3c coth (45 = (z — ct)) , 

ur (x,t) = 4/3 (c — 1) [tan Zull: ct)) + cot GJ = ol 

u17 (x,t) = 44/3 (c — 1) [tanh (3 i (=) («- ct)) + coth (3 t (e) (z — ct)) | . 


for c < 1 and a > bc 


urs (x, t) = iv — 3c tanh E 4 (x — ct)) , 
u19 (x, t) = 41/3 — 3ccoth E 4 (x — ct)) : 
ug (x,t) = ti,/3 (1 — e [tan EE ct)) + cot (3 a= (x — ct)) | , 

















NIF nie 
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Sir 
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CH 
° 
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8 
Q 
a 
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a—be 
Using Eq.. (21), the solution of (4) when p = — (k? + 1),q 
solutions 2-7, we get 


tin (x,t) = +i 3(1-c) [tanh ai l= (y — ct)) + coth (ale = (x — ct)) | 


U22,93,....27(@,t) = ao + aisn AE + bı ns At, where ao, a; and b, are defined in the sets of 
solutions 2-7. 

Note that, when k > 0 we obtain constant solution, when k > 1 we get, [ug, u7, ..., Wai]. 

Using Eq. (21), the solution of (4) when p = 2k? — 1,q = —2k?,r = 1 — k?, and the sets 
of solutions 2-7, we get 

Ugg. 29....33 (£, t) = ao + ay en AE + by nc A, where oo, oi and b, are defined in the sets of 
solutions 2-7. 

When k —> 0 we obtain constant solution, when k + 1 we get, [u2, u3, ..., Us]. 

Using Eq. (21), the solution of (4) when p = 2 — k?,q = —2,r = — (1 — k?) , and the sets 
of solutions 2-7, we get 

Us4.35,....39 (£, t) = ao + ay dn AE + bı nd AE, where ao, a; and b, are defined in the sets of 
solutions 2-7. 

As k + 0 we obtain constant solutions, as k > 1 we get, [ua, us, ..., Us]. 

Using Eq. (21), the solution of (4) when p = 2 — k?,q = 2,r = 1 — k?, and the sets of 
solutions 2-7, we get 

U40,41,...,.45 (@,t) = ao + ayes AE + bı sc AE, where ao, a; and b, are defined in the sets of 
solutions 2-7. 

When k —> 0 we obtain, |ug, uz..., u21], when k > 1 we get constant solution. 
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Using Eq. (21), the solution of (4) when p = —(1+k?),q = 2,r = k?, and the sets of 
solutions 2-7, we get 

U4647,....51 (£, t) = ao + ains AE + bısn AE, where ag, a, and b, are defined in the sets of 
solutions 2-7. 

As k —> 0 we obtain constant solution, as k — 1 we get, [ug, u7, ..., u21]. 


Using Eq. (21), the solution of (4) when p z, q E E, and the sets of solutions 2-7, 


l-—c¢ 
b Ze all 
all 








we get 
forc < 1 and a < De 


usa (x,t) = V3 — 3c D we (x — a) + sec Lu 
(x — ct) ) + sec Wie 














usa (x,t) = —V3 — 3c [is (a= 














Aer: v3 — 3c 
(tan (vi Sie — ct)) + sec Lë (x — ct) ))) 
uss (x,t) = 








Aen (VE a) eae “(x —ct))) 
Use (£, t) = -y3 vT =e (taan ( be LE (e at) ) isn ( jae e-a)))+ 


dier: 


tanh (4/2 (æ — ct)) F isech (4/25 ( (a — ct) 
Us7 (x,t) = Vave (tm (y= als) dr all: 


tanh LS (x — ct)) + isech LES (x — ct)) 


uss (x,t) = Ee: dE ie ol E jae te-a))) 


e 
W/1—c 
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Afi =g 
E E EE 
tan LS, E eg ct)) + sec E |y 2- ct)) 


for c > 1 and a > De 


uso (x, t) = iV —3 + 3c (n (v2 WS (x — a + sec (ay WS (x — ail $ 


1 e-e) + sec (2 Wed all 
Ue2 (x,t) WEE F 
` (tan BECH (x — ct )) + sec (v2 die: ol 
—iy/—3 + 3c 


U63 ( T, t) , 
(tan (vI (x — ct )) + sec (v2 die: ol 
E t) = TE Lu k / WS (x — a) + sech ( WS (£z — ll + 


Eer 


i tanh (y= e- ct)) + sech (die: ol 
ues (x,t) sa E (iann VS a (£ — a) + sech , WS (£ — all = 

















ue (x, t) = iw —3 + 3c D Lu — 
































Viv: 
i tanh (y= e- ct)) + sech (v= (x — ct)) ) 
use (x, t) = e c—1 S N WS (x — a + sec E WS (x — ail = 
(AT — 





Be sec (Zy EH e- ol 
e E tan N — (x — op) toe (Fe EE r= all, 


die: SE die ol 








tan (+ 


Sl- 
Se 
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c—1 e =i 
5 (ea) ison (2 Gell 
ugg (x, t) = —V—-3 + 3c D (ay L (£z — «)) F isech (2 S — (£z — ail ; 


for c > 1 anda < be 


ugs (x,t) = V—3 + 3c D (2 

















ee y —3 + 3¢ 
(tanh (vaJ (x — ct )) +isech Bell (x — ct Di 
EK, —y —3 + 3c 





(amh (VAE e — ct) ) + isech (V2,/=4 (« ell 
EE (ten ( Er) a ( Tea) | 
tan (Je ct)) + sec (J a ol 
E az re (tn doe a) se ( Tea) 


Eer 


tan Lë — ct)) + sec Lë — ct)) i 


v3 1 /e-1 c—1 
un (z,t) = =- =i (wm (J, canon) rine iT e-a)))- 


E 




















tanh (+ ae D) F i sech 5 Zi: ct)) ; 


urs (2,1) = 2 =F (tanh — S oa) rien A Ge all 











for c < 1 and a > be 


uze (x,t) = V3 — 3c Lu Lu E (x — a) + sech (ay E (x — all 
urz (x, t) = —V3 — 3c ( tanh (va / E (x — a) + sech (2 — (z — ail 
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3 — Ar 
U78 (x, t) Se 
(itanh (v3 = (a — ct)) + sech Laf (x — ct) SEN 
3— 3c 


(i tanh (v2,/2 ee ct)) + sech (v2,/2 ZE (x — ct)) ) l 


ugo (x, t) = E =c D E (x — a) + sec VE (£z — all + 


i/vI=e 


tan EE — ct)) + sec EE — ol 
Ugi (x,t) Ee D E al + sec ( E all Sé 


tan ( a=! (x — ct)) + sec Li — ct)) ) 


Ugo (x,t) = Zu -c Ga E E (x — a + sech E E (x — all = 
WA e 
itanh (45 l=e (y — ct)) + sech (45 Axe (x — ct)) 


a—bc 














U79 (z, t) = 






































H 








Le 


E Le 
ugs (x,t) = -—v1 =|; tanh E SE (x — a + sech E PESCH (£z — ll + 
WA e 


l-e (g — ct)) + sech (+ a=! (x — ct)) 











. 1 
itanh E 


3.3. The (2+1) Dimensional KD Equation. In this section, we will solve the nonlinear 
(2+1) dimensional Konopelchenko-Dubrovsky (KD) equation of the form 
Lge = Ue, 
3 22 
(22) Ut — Ugga — ObuU, + EN U Ug — 3vy+ 3auzv = 0, 


where u = u (x,y, t), v =v(2,y,t) and a,b are real numbers. 

The nonlinear (2+1) dimensional Konopelchenko-Dubrovsky (KD) equation is a nonlinear 
integrable evolution equation on two spatial dimensions and one temporal. In [15], this 
equation was investigated by the inverse scattering transform method. The F-expansion 


method is used in [23] to investigate the KD equation. 
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We apply the mapping method, to solve the nonlinear (2+1) dimensional Konopelchenko- 
Dubrovsky (KD) equation. Substituting u(x, y,t) = u(&), v(x, y, t) =v (6) ,€ =A(a@+y— Pt), 
into Eq. (16) and integrating once yields 

u = v, 
2 o, oi 39 
(23) —Bu— du" — Ahn + au — 3u + am = 0. 
Balancing the order of the nonlinear term u? with the highest derivative u” gives 3m = m+2 
that gives m = 1. Thus, the solution of (23) has the form 


(24) u (£) = v (£) = ao + arf (E) + bi (F (8). 


Substituting (24) in (23) and using (4), collecting the coefficients of each power of f’,0 < 
i < 6, setting each coefficient to zero, and solving the resulting system, obtain the following 


sets of solutions. 


=?! (a—2b = (a—2b a2—ab4b2 
a E 
























































( = ` D = 2 D Es ae 
=27 (gq al 2 2 
= —2b ae Ss p (a—2b) = 2p (a—2b) _ (a —ab+b ) 
(2) ao = -57,4 = 0,0) = SB AS ES ee 
,/—2(a—2b) 4/54 (a—2b) 2_ab+b2 
= —2b = P (a = ES 2p SE an abt 
(3) a9 = —522, a, = +¥ 2d, = 0,4 = Ve pe 
[=4(a—2b) ,/ = (a—2b) 2_ab+b? 
—~2b Je (a— 2p = o —ab+ 
(4) ag = = 75 ,ay = tta „b = = 0, A= Se ES Aa 
pq+3qV/2qr 2b p(p+3vZ2qr)(a—2b) , 
(5) ay = —2522,0, = ere, Ae AH 
a? ? a? ; 3 a2, | 2at34 29r i 
18qr—p2 
Ne E V2) 2) __, (a2—ab+b?) 
~ Va 18qr— p? , 0 GE Be 
pq+3qV2qr 2b P(p+3/2qr)(a—2b) | 
(6) ap = — 22%, 0; EE eee Ho 
0 a2 ) a2 D 3 SS ’ 
18qr—p 
` 1 y 84r- P(t av Far) a—2b) _ q(t) 
"vie 18qr—p2 B= = a2 


Using Eq.. (24), the solution of (4) when p = 1,q = —2,r = 0, and the above sets of 

solutions, we get 
uz (x, Y, t) = ao, (constant solution), 
2 2 

us (z, E z = ao ue zl) sec E ( 2) (e rd 4s a d . 
Note that u (x,y, t) = v (x,y, t), for all cases. 

Using Eq. (24), the solution of (4) when p = —2,q = 2,r = 1, and the sets of solutions 
1-6, we get 


a—?2b a-—?2b 1 /a— 2b a? — ab + b? 
uz (£, yY, t) = — 72 + z2 tanh (5 ( S ) (2 y 4! 2 dl 


a—2b a-—2b 1 /a— 2b a? — ab + b? 
u4 (x,y, — z2 + 2 coth (5 ( S IL y A 2 dl 
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a—2b  a—2b 1 fa—2b a? — ab + b? 
us (z, y,t) = — z2 + SS tant (5 ( S ) (crue! 2 d 


a — 2b 1 /a— 2b eae 
vie coth (5 ( a ) (e+u+4 SS ON 


ott EE Vëlo 2), E E (e Gap dE 





























oi 2a? 4 a a? 


_v2(a-2) E E (e e ees 











4 a a 





Using Eq.. (24), the solution of (4) when p = —(1+k?),q = 2k?,r = 1, and the sets of 
solutions 1-6, we get 


Ur,....12 (ty, t) = ao + ay sn (AE) + bı ns (AE) , 
where do, aı and bn are defined in the sets of solutions 1-6. Note that, as k + 0, we obtain 


a— 2b  VJ2(a—2b 1 /a— 2b a? — ab + b? 
U3 (£, y, t) = — z2 zk " ese (( S ) (eur! 2 dl 


grees 











As k > 1, we get us, Ua..., Ug. 
Using Eq. (24), the solution of (4) when p = 2k? — 1,q = —2k?,r = 1 — k? and the sets of 
solutions 1-6, we obtain 


Urz,...,119 (L, Y, t) = ao + ay on (AE) + bı ne (AE), 
where ao, a; and b; are defined in the sets of solutions 1-6. When k — 0, we obtain uz, also 
we get uz when k > 1. 
Using Eq. (24), the solution of (4) when p = 2 — k?,q = —2,r = — (1 — k?) , and above 
sets of solutions 1-6, we get 


Ug0,....25 (£, Y, t) = ao + ay dn (AE) + bı nd (LE), 
where ao, a; and bı are defined in the sets of solutions 1-6. As k > 0, we get uı and vj, as 
k > 1, we obtain us. 
Using Eq. (24), the solution of (4) when p = 2 — k?,q = 2,r = (1 —k?), and the sets of 
solutions 1-6, we get 


Ug6,....31 (£, Y, t) = ao + ay cs (AE) + bı sc (AE), 
where ao, aı and b; are defined in the sets of solutions 1-6. As k — 0, we obtain, Is, w4..., ug], 
as k — 1, we get u13. 
Using Eq. (24), the solution of (4) when p = —(1+k?),q = 2,r = k’, and the sets of 
solutions 1-6, we get 
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U39,...,37 (£, Y, t) = ao + ay de (AE) + bı cd (AE) , 


where go, a, and bı are defined in the sets of solutions 1-6. As k —> 0, we obtain uz, as 


IO 


k > 1, we get u1. 
Using Eq. (24), the solution of (4) when p = —1 + 2k?,q = 2,r = —k? (1 — k?) and the 
sets of solutions 1-6, we get 


usg,...,43 (£, Y, t) = ao + aı ds (AE) + bı sd (A£), 
where dg, a, and 6, are defined in the sets of solutions 1-6. As k —> 0, we obtain u13, as 
k — 1, we get also us and. 
Using Eq. (24), the solution of (4) when p = 0,q = 2,r = 0, and the sets of solutions 1-6, 


we get Uy. 











E 


Jsing Eq. (24), the solution of (4) when p = 1,q = 0,r = 0, and the sets of solutions 1-6, 





we obtain wy. 








Using Eq. (24), the solution of (4) when p d q Sr i, and the sets of solutions 1-6, 





we get 


BA ae eene 


! -A sec (= (e Ly 4 ene) ! 














(a — 2b) 
ef € tan (=z (2 ty 4 ae) ) 1 sec (=z (z- y4 aM) 


wnd = ` EE Lem (eta A 


d E fe- Ka ER 


(a — 2b) 
Hefe (+tan Ki (z y4 a + sec Ki (2 + y 4 AS 


quae T (a — tanh ( (4 2) («4 yra EI 
TaS Dee eeh 


— 2b =n — 2b a? — ab + b? 
Uar (£, y, t) = = 2 SE ah ( (2> li T+ yo a 2 d 

































































NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS 15 













































































a — 2b 
Usg ER t) = a2 Sp 
(a — 2b) 
a? (+ tanh ( (222%) (x + y +465) ) + isech ( (222) (e + y e ASSEN) 
a — 2b 
U49 Gart RER a2 = 
(a — 2b) 
a? (+ tanh ( (2#) (z by 4 gran) ) + isech (#2) (2 by 4 EN 
— 2b — 2b — 2b *—ab+b? 
Uso (z, y,t) = = a a ) (+tann ( SS (e ty AG: 5 d 
(a — 2b) . a — 2b ee ee 
ee iseen ( F Lenz? 2 t 
7 (a — 2b) 
2a? (+ tanh (252 (x + y +42) ) + sech (452 (2 + y + ASSEN) 
— 2b — 2b — 2b 2—ab+b? 
us: (z, y, t) = SE a (tan (= (e TET = d 
(a — 2b) a — 2b | (a? — ab + b?) 
+ Ee ech ( (e ty Se 
(a — 2b) 


| 
2a? (+ tanh ($52 (w+ y + 44) ) + isoch (452 (a + y + ASSEN 


Note that, if we replace sec by — sec and sech by — sech in u44, ..., U51, we obtain also true 











solutions. 
By comparing our results with the results in [17], it can be seen that some of the obtained 


results are new, and the rest solutions are the same. 


4. CONCLUSION 


In this paper, the mapping method has been successfully implemented to find new traveling 
wave solutions for three nonlinear PDE’s, the Pade’-II, (2+1) dimensional Konopelchenko- 
Dubrovsky (KD) and our new proposed equation namely, a modified Pade’-II equation. The 
results show that this method is a powerful Mathematical tool for obtaining exact solutions 
for the Pade’-II, KD and our proposed equation. It is also a promising method to solve other 


nonlinear partial differential equations. 
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